Suppose that we have a compact Kähler manifold X with a very ample line bundle L. We prove that any positive definite hermitian form on the space H 0 (X, L) of holomorphic sections can be written as an L 2 -inner product with respect to an appropriate hermitian metric on L. We apply this result to show that the Fubini-Study map is injective.
Introduction and the statement of the result
Let (X, L) be a polarised Kähler manifold of complex dimension n. We have where H(X, L) is infinite dimensional and B k is finite dimensional. We can define the following two maps;
• the Hilbert map Hilb : H(X, L) → B k defined by the L 2 -inner product of h ∈ H,
• the Fubini-Study map F S : B k → H(X, L) defined as the pullback of the Fubini-Study metric on the projective space P(H 0 (X, L k ) * ).
The result that we prove in this paper is the following.
Theorem 1.1. Hilb is surjective if L k is very ample, and F S is injective if k is sufficiently large.
Since Hilb is a map from an infinite dimensional manifold to a finite dimensional manifold, it seems natural to speculate that it is surjective. Similarly, it also seems natural to speculate that F S is injective. Indeed, these statements seem to be widely believed among the experts in the field. However, the proof of these facts do not seem to be explicitly written in the literature previously, to the best of the author's knowledge. We shall provide the proofs of these "folklore" statements, when we take the exponent k to be large enough.
For F S, we shall in fact prove a stronger quantitative result for the injectivity (cf. Lemma 3.1), which was applied in [8] to find a point in B k that is close to the minimum of the modified balancing energy. Generalisations to several variants of the Hilb map (cf. Proposition 2.3) will also be discussed at the end of §2.
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Proof of surjectivity of Hilb
Before we start the proof, we shall define the Hilb and F S maps more precisely as follows (cf. [6] ).
where we write
where
We prove the first part of Theorem 1.1.
The main line of the proof presented below is similar to §2 in the paper by Bourguignon, Li, and Yau [5] .
Proof. Since L k is very ample, we have the Kodaira embedding ι :
First of all pick homogeneous coordinates {Z i } on P N −1 ; all matrices appearing in what follows will be with respect to this basis {Z i }. This then defines a hermitian metrich :=h F S(I) on O P N −1 (1) and the Fubini-Study metric ω F S(I) on P N −1 . Suppose that we write dµ Z for the volume form on P N −1 defined by ω F S(I) , and dµ BZ for the one defined by ω F S(H) where H := (B −1 ) t B −1 and B ∈ GL(N, C). Suppose that we write
which we compactify to J by adding a topological boundary ∂J := {B ∈ GL(N, C) | B = B * , B ≥ 0, rankB ≤ N − 1}/{α > 0}. We also write H := {N × N positive semi-definite hermitian matrices with trace 1}, with the interior H
• consisting of positive definite ones, and the boundary ∂H consisting of those with rank
where Ψ 0 (B) ij stands for the (i, j)-th entry of Ψ 0 (B). Writing ξ B : P
and hence, recalling tr(Ψ 0 (B)) = 1 and writing B t for the transpose of B, we get
,
We claim that it defines a diffeomorphism between J • and H • . It is easy to check that Ψ 0 is a smooth bijective map from J
• to H • . Its linearisation δΨ 0 | B at B can be computed as
where A is a hermitian matrix which is not a constant multiple of B. Observe that δΨ 0 | B (A) = 0 holds if and only if
is a constant multiple of Ψ 0 (B). Noting that Ψ 0 (B) is a positive definite hermitian matrix, we can show by direct computation that f B (A) cannot be a constant multiple of Ψ 0 (B) unless A is a constant multiple of B.
Thus the linearisation of Ψ 0 is nondegenerate at each point in J • , and hence Ψ 0 defines a diffeomorphism between J
• and H • with a nontrivial degree at every point in H • . We also see that, using Ψ 0 (B) = Ψ 0 (αB) for α > 0, Ψ 0 extends continuously to the boundary, mapping elements of ∂J into ∂H, such that the degree of the map Ψ 0 : ∂J → ∂H is nontrivial. Now suppose that we write ι * X (dµ BZ ) for the measure induced from dµ BZ which is supported only on ι(X) ⊂ P N −1 , and consider a continuous map Ψ :
We first show that Ψ extends continuously to the boundary. Recall that ι * X (dµ BZ ) is, as a measure on X,
/n!), and observe
. Writing Φ(B) for the matrix defined by
n! ,
) also proves that Ψ maps a sequence {B ν } in J
• approaching ∂J to a sequence which accumulates at a point in ∂H. We can now define a 1-parameter family of continuous maps Ψ t := J → H by Ψ t (B) := tΨ(B) + (1 − t)Ψ 0 (B) (this can be viewed as using a measure tι * X (dµ ZB ) + (1 − t)dµ BZ in the integrals above). By what we have established above, Ψ t is a continuous 1-parameter family of maps between J and H which maps ∂J into ∂H. Since Ψ 0 is a diffeomorphism between J
• and H • and has a nontrivial degree on the boundary and Ψ maps sequences approaching ∂J to sequences accumulating at points in ∂H, Ψ : ∂J → ∂H has a nontrivial degree. We thus see that Ψ is surjective since the degree of a continuous map is a homotopy invariant (cf. [1, Theorems 12.10 and 12.11]).
Finally, we recall that ι *
/n!) is equal to k n ω F S(H) /n!. Note also that, writing h k for ι * h , we have
where we wrote s i := ι * Z i . Observe also that there exists β ∈ C ∞ (X, R) such that ω n F S(H) = e β ω n h . We have thus proved that, fixing a basis {s i } for H 0 (X, L k ), for any positive definite hermitian matrix G there exists a function φ ∈ C ∞ (X, R) such that
We thus aim to find a function f ∈ C ∞ (X, R), such that e −f h k is positively curved and
n! , to finally establish the claim. For this, it is sufficient to solve for f the following nonlinear PDE:
which is solvable by the Aubin-Yau theorem (cf. [2] and [11, Theorem 4, p383] ).
We now recall that there are several variants of the Hilb map that also appear in the literature [3, 4, 7, 9, 10] . We define the Hilb ν map
where the volume form dν is one of the following.
1. dν is a fixed volume form on X; an example of this is when X is Calabi-Yau, in which case we can use the holomorphic volume form Ω ∈ H 0 (X, K X ) to define dν := Ω ∧Ω, 2. dν is anticanonical ; a hermitian metric h on −K X defines a volume form dν ac (h), where we note
3. dν is canonical ; a hermitian metric h on K X defines a dual metric on −K X , which defines a volume form dν c (h) with dν c (e −ϕ h) = e ϕ dν c (h).
We prove the following analogue of Lemma 2.2. Proof. Fixing a basis {s i } i and a hermitian metric h on L, (2) implies that for any positive definite hermitian matrix G ij there exists ϕ ∈ C ∞ (X, R) such that
Observe that for each three choices dν, dν ac (h), dν c (h) of the volume form dν, there exists a function
and hence the claim follows from the following.
1. dν fixed: takeh := exp
2. dν anticanonical: takeh := exp
3. dν canonical: takeh := exp
Remark 2.4. The above proof does not show thath has positive curvature; the associated curvature form ωh may not be a Kähler metric.
Proof of injectivity of F S
We establish the following "quantitative injectivity" to prove the second part of Theorem 1.1.
Lemma 3.1. Suppose that we choose k to be large enough, and that H, H ′ ∈ B k satisfy
where || · || op is the operator norm, i.e. the maximum of the moduli of the eigenvalues. In particular, considering the case ǫ = 0, we see that F S is injective for all large enough k.
Proof. We now pick an H-orthonormal basis {s i } and represent H (resp. H ′ ) as a matrix H ij (resp. H ′ ij ) with respect to the basis {s i }. H ij is the identity matrix, and replacing {s i } by an H-unitarily equivalent basis if necessary, we may further assume
Recall that the equation (1) implies that we can write F S(
F S(H) k , and hence, by recalling (1),
with respect to any hermitian metric h on L, by noting that we may multiply both sides of (3) by any strictly positive function e kφ . We now fix this basis {s i }, and the operator norm or the Hilbert-Schmidt norm used in this proof will all be computed with respect to this basis. and observe that the modulus of each entry is at most 1, and that ||Λ|| op ≤ 2 and ||Λ −1 || op ≤ 2 if k is large enough. Then, multiplying both sides of (3) by exp(kφ i ) and integrating over X with respect to the measure ω 
